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Abstract
We show how to place a Menger curve in strong general position in the sense that there is a bound
to the number of times that a hyperplane can intersect it.  2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction
In 1970 Berkowitz and Roy [2] introduced the notion of strong general position for
finite simplicial complexes. This was a generalization of the standard notion of general
position for simplicial complexes in that it provided a bound on the number of simplexes
that a hyperplane can intersect. More specifically they stated the following theorem.
Theorem 1.1. If K is a complex and f :K → Rn is a semi-linear map and ε > 0, then
there is a semi-linear map g :K→Rn such that d(g(v), f (v)) < ε for each vertex v of K ,
and for each hyperplane H in Rn with dimH < n and each m< n− dimH , the number
x of pairwise disjoint simplexes of K of dimension not exceeding m whose images under g
intersect H satisfies the following inequality
x  (n− dimH)(1+ dimH)
n−m− dimH .
A proof of this theorem is given in [6] and several interesting applications appear
in [5–7].
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In this paper we will show how to generalize the techniques of strong general position for
simplicial complexes to construct Menger curves that are in strong general position. That is,
Menger curves such that the number of times that a hyperplane can intersect the Menger
curve is the number given by Theorem 1.1. For instance we will build a 1-dimensional
Menger curve in R3 such that any line intersects it in at most four points. This is interesting
since the intersection of a typical line with a Menger curve constructed in one of the usual
manners is infinite. As preliminary steps we will review how a simplicial complex is placed
in strong general position and show that this also works for infinite simplicial complexes.
2. Algebraic independence
The key concept behind all of our constructions and proofs is that of algebraic
independence.
Definition 2.1. Let P be an extension field of the fixed field Q. An element v of P is
called algebraically dependent on u1, u2, . . . , un if v is algebraic with respect to the field
Q(u1, . . . , un). That is, if v satisfies an algebraic equation
a0(u)+ a(u)v + · · · + am(u)vm = 0
in which the coefficients a0(u), . . . , am(u) are polynomials in u1, u2, . . . , un with coef-
ficients in Q, not all of them zero. A set of elements of P is said to be algebraically
independent if none of them depends algebraically on the others.
Note that if u1, u2, . . . , un is an algebraically independent set then so is the set
u1 + q1, u2 + q2, . . . , un + qn where the qi ’s are elements of the underlying field Q.
For our purposes we take the reals R as an extension field of the rationals Q. Let
A = {a1, a2, . . .} be a countable algebraically independent set in R. More specifically
let A be a countable set such that any finite subset is algebraically independent. Let
Ai = {ai + q | q ∈ Q}. Then Ai is dense in R since it is a translation of Q. The Ai ’s
are pairwise disjoint. To see this assume that ai + qi = aj + qj . Then ai = aj + qj − qi
contradicting the fact that ai is algebraically independent of aj . So we see that {Ai} is
a countable collection of disjoint algebraically independent countable dense sets in R.
We will now expand this treatment to Rn. Note that A1 ×A2 × · · · ×An is a countable
dense subset in Rn and any point in this subset has the property that its coordinates form an
algebraically independent set. By varying the Ai’s that we use in this construction we can
build a countable collection of disjoint dense subsets in Rn namely B1 = {A1 × A2 ×
· · · × An}, B2 = {An+1 × An+2 × · · · × A2n}, . . . . We will refer to these as dense
algebraically independent subsets and to B = {Bi} as a countable collection of dense
algebraically independent subsets of Rn.
A crucial fact for our constructions is that if you have any collection of points from sets
in B with at most one point from each set, then all the coordinates of the points are distinct
and form an algebraically independent set. This holds also for a countable set of points in
which case the set of all coordinates forms a countable algebraically independent set.
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3. Strong general position
A simplicial complex with countably many vertices that has the property that the
coordinates of all the vertices are distinct and form an algebraically independent set is
said to be in strong general position since the proof for finite simplicial complexes applies
to give the same bound on the number of intersections given in Theorem 1. That is we have
the following theorem.
Theorem 3.1. If K is a simplicial complex in Rn such that the set of coordinates of the
vertices of K are distinct and algebraically independent and H is a hyperplane, then the
number x of simplexes of K of dimensionm< n−dimH or smaller that can be intersected
by H satisfies the following inequality:
x  (n− dimH)(1+ dimH)
n−m− dimH .
The proof follows the proof of Theorem 1.1 which appears in [6] and will not be given
here in detail. The basic idea is that intersections of hyperplanes with simplexes of K gives
equations involving the coordinates of the vertices. But the algebraic independence of these
coordinates place a restriction on the number of equations of a certain type that can exist
involving these coordinates.
When we say that a simplicial complex is in strong general position we mean that it
satisfies the conclusion of the above theorem. When we say that a simplicial complex
can be placed in strong general position we mean that we can define a linear map on the
simplicial complex that moves points by less than any given ε and such that the image is in
strong general position. By the above theorem one way to do this is to move the vertices of
the simplicial complex by less than ε so that the coordinates of the vertices form a distinct
algebraically independent set. We define the map for the rest of the simplex by extending
linearly. With proper care we can even show that the map is a homeomorphism that can be
realized by an ambient isotopy. To do this we move each vertex only within its star so that
the map is injective.
In their paper, Berkowitz and Roy prove that a simplicial complex which is in strong
general position in the sense that all of the coordinates of the vertices form an algebraically
independent set is also in usual general position. That is the dimension of the intersection
of two simplexes is less than or equal to the sum of their dimensions minus n. It follows
that the hyperplane H intersects an m-simplex in, at most, a point since m< n− dimH .
The following is another important lemma that we will use. A proof appears in [7].
Lemma 3.2. If A1, . . . ,Aj are compact sets inRn such that no hyperplane intersects all of
the Ai ’s then there exists an δ > 0 such that no hyperplane intersects the δ neighborhoods
of all the Ai ’s.
This result is used in conjunction with Theorem 3.1 on strong general position to give
the following theorem.
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Theorem 3.3. If K is a finite simplicial complex in strong general position in Rn and H
is a hyperplane, then there exists a δ > 0 such that the number x of δ neighborhoods of
disjoint simplexes of dimension m< n− dimH that H can intersect satisfies
x  (n− dimH)(1+ dimH)
n−m− dimH .
Proof. Since K is in strong general position then by Theorem 3.1 the number x of disjoint
m-simplexes that the hyperplane H can intersect is less than or equal to
(n− dimH)(1+ dimH)
n−m− dimH .
Take any collection of x + 1 disjoint m-simplexes of K and apply Lemma 3.2 to get a δ
such that H can intersect at most x of the δ neighborhoods about the m-simplexes. Do this
for all collections of x + 1 disjoint m-simplexes in K . Then let δ be the minimum of all
of these finitely many δ’s. So H can intersect at most x of the δ neighborhoods of disjoint
m-simplexes of K . ✷
4. Placing infinite simplicial complexes in strong general position
The technique for placing a finite simplicial complex in strong general position involves
moving the vertices of the complex to nearby points all of whose coordinates form an al-
gebraically independent set. To do this we start with a countable algebraically independent
set of points and construct a collection B = {Bi} of disjoint dense algebraically indepen-
dent subsets of Rn as in Section 2. Then we use the density of the Bi to move the vertices
to points in the Bi ’s that are within ε of the vertices. This is straight forward in the finite
case and we only need B to be a finite collection. We will expound on the details of this
construction more as we discuss generalizing this to the infinite case.
Theorem 4.1. If K is a simplicial complex in Rn with countably many vertices, then K
can be placed in strong general position.
Proof. Let K be a simplicial complex with a countable zero skeleton. Let B = {Bi} be any
countable collection of dense algebraically independent sets.
Enumerate the vertices and associate to each vertex vi the set Bi . Let ε > 0 be given.
Take the vertex v1 and let δ1 be less than the minimum of ε/2 and the diameters of all
simplexes in K containing v1. Use the density of B1 to find a point a1 in B1 that is within
δ1 of v1. Note that a1 is within ε/2 of v1 and its coordinates are algebraically independent.
In fact the distance from v1 to a1 is less than the diameter of any simplex containing v1.
We now define a map on K by sending v1 to a1 while holding all the other vertices fixed
and extending linearly. Since this map fixes all other vertices it fixes the complement of
the star of v1 in K . Furthermore, since the map moves v1 less than the diameter of any
simplex containing it, the image of the star of v1 misses the complement of the star of v1.
In other words v1 is not moved far enough to create any intersections in the image of K
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and consequently the map is one-to-one. We will continue to call the complex K . Note that
no point is moved by more than ε/2 by this map.
Take another vertex v2 of K . Let δ2 be less than the minimum of ε/22 and the diameters
of all simplexes in K containing v2. Take a point a2 ∈ B2 that is within δ2 of v2. Note that
all the coordinates of a1 and a2 are distinct and form an algebraically independent set. This
follows from the construction of the Bi ’s.
As before we define a map that sends v2 to a2 leaving all the other vertices fixed,
including a1, and extending linearly. Note that no point is moved by more than ε/22 by
this map thus no more than ε/2+ ε/22 < ε by the two maps combined. Also note that each
map only moves points in the star of a single vertex and each map can be realized by an
ambient isotopy.
In general given a vertex vi let δi be less than the minimum of ε/2i and the diameters
of all simplexes containing vi . Take a point ai ∈ Bi within δi of vi and construct a map
that sends vi to ai , leaves all the other vertices fixed, and extend linearly to the rest of the
complex.
When we are done we have mapped K linearly to a new simplicial complex in Rn in
such a manner that the map on the vertex set is one to one and all the coordinates of all
the new vertices are distinct and form and algebraically independent set. Then by the same
proof that appears in [6] it can be shown that this new simplicial complex is in strong
general position. The map moves no point by more than ε. ✷
5. Menger curves
In this section we will show how to place Menger curves in strong general position. First
we will discuss a variation of a standard method of constructing a 1-dimensional Menger
curve in R3 and show how to build a map that places this Menger curve in strong general
position in the sense that any line can hit it at most 4 times. We will then discuss how to
modify the proof to handle k-dimensional Menger curves in Rn. For a good reference on
Menger curves and their properties see [3].
Let M0 denote a 3-simplex in R3 and let M00 and M
1
0 denote its zero and one skeletons,
respectively. Let M1 denote the second derived neighborhood of M10 . In general let Mn
denote the second derived neighborhood of M1n−1. Note that Mn−1 ⊂Mn for all n. Let
M =⋂∞i=0 Mi . Then M is a Menger curve. The geometric carrier |M1n | of the 1-skeleton
of each stage is in M . In fact |M10 | ⊂ |M11 | ⊂ · · · ⊂M . Likewise for the 0-skeletons. Using
second derived neighborhoods to build regular neighborhoods about the 1-skeletons is a
standard technique. We could vary this, however, and use finer barycentric subdivisions to
build the curve. This is used as a key point in our constructions.
Using the fact that M is constructed by repeated barycentric subdivisions of M0 we will
build a map that places M in strong general position by building maps that place each stage
of the construction in strong general position and composing this family of maps.
Let ε > 0 be given. Our map f :R3 →R3 will move no point of M by more than ε and
will be fixed on the complement of some neighborhood of M0.
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Construct a countable collection B = {Bi} of algebraically independent dense subsets of
R3 as in Section 2. These will be used to place all vertices of each stage of the construction
in strong general position.
Assume without loss of generality that M0 is in strong general position. That is its four
vertices already lie in points in 4 distinct Bi ∈ B . Let ε1 be less than the diameters of all
simplexes in M1 and ε/2.
We first construct a map f1 :R3 →R3 that has the following properties:
(1) f1(v)= v for all v ∈M00 ,
(2) if v ∈M01\M00 then d(v,f1(v)) < ε1,
(3) f1 is linear on M1,
(4) f1(M1) is in strong general position,
(5) f1 moves no point in M1 by more than ε/2,
(6) for all v ∈ M01 , the image of the star of v relative to the simplicial complex M1
misses the image of the complement of the star of v,
(7) f1 is fixed outside some neighborhood of M0,
(8) f1 is a homeomorphism that can be realized by an ambient isotopy.
To construct f1 we first define it to be fixed on vertices in M00 and have it assign the
remaining vertices of M10 to points in distinct elements of B that are within ε1 of the
vertices. This uses the density of the Bi ’s. Be careful to use elements of B which were
not already used for M00 . Then extend the map f1 to the rest of the simplicial complex M1
linearly.
Now by construction f1 satisfies properties (1) through (3) and by Theorem 3.1 it also
satisfies property (4). Since f1 moves no vertex of M1 further than ε1 it moves no point in
M1 by more than ε1 < ε/2. Thus f1 satisfies property (5). Property (6) holds by the choice
of ε1 being less than the diameters of simplexes in M1 and is used to guarantee that the
map is one-to-one. It is clear that f1 can be extended to all of R3 satisfying property (7).
For instance we can take a triangulation of R3 which includes M0 and easily construct f1
to be fixed on the complement of the star of M0. In fact we can fix all subsequent maps to
be fixed on the complement of this star. It is also clear that f1 can be constructed to satisfy
property (8) since the map moves a finite set of vertices, in a controlled manner described
in property (6), and is extended linearly while being fixed on the complement of these stars.
The simplicial complex f1(M1) is in strong general position so we can apply
Theorem 3.3 to get a δ1 such that no line can hit more than four δ1 neighborhoods about
disjoint 1-simplexes of f1(M1). The purpose of the δ here and throughout the rest of the
construction is the following. We want to restrict the number of times a line can hit the
image of the 1-skeleton of f1(M1) after we have finished constructing all the maps. But
subsequent maps subdivide and move these 1-simplexes repeatedly. So we use the fact
that not only is there a restriction on the number of 1-simplexes in f1(M11 ) that a line can
hit, there is also a restriction on the number of δ1 neighborhoods about the 1-simplexes
that a line can hit. We will construct all subsequent maps so that no points in these
1-simplexes are ever moved out of the δ1 neighborhood of that simplex. We will repeat
this at all subsequent stages. This is the crucial fact in our final argument that the image of
the Menger curve is in strong general position.
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Let M2 be a derived regular neighborhood about M11 using a barycentric subdivision
chosen so finely that the mesh of the image of M2 under f1 is less than δ1/4. Let ε2 be less
than the diameters of all simplexes in f1(M2) and ε1/2. Note that ε2 is also less than δ1/4
since it is smaller than the mesh of f1(M2). We now construct a map f2 :R3 → R3 that
satisfies the following properties:
(1) f2(f1(v))= f1(v) for all v ∈ f1(M01 ),
(2) if v ∈ f1(M02 )\f1(M01 ) then d(v,f2(v)) < ε2,
(3) f2 is linear on f1(M2),
(4) f2(f1(M2)) is in strong general position,
(5) f2 moves no point in f1(M2) by more than ε/4,
(6) for all v ∈ f1(M02 ), the image of the star of v, relative to the simplicial complex
f1(M2), misses the image of the complement of the star of v,
(7) f2(f1(M2)) lies within the union of the δ1/2 neighborhoods about the 1-simplexes
in f1(M11 ),
(8) if x is a point on a one simplex of f1(M1) then d(x,f2(x)) < δ1/4,
(9) f2 is fixed outside some neighborhood of f1(M1),
(10) f2 is a homeomorphism that can be realized by an ambient isotopy.
The map f2 is constructed in a manner purely analogous to f1 by moving the new
vertices in f1(M2) to points in previously unused elements of B that are within ε2 of the
vertices. Thus it is clear as before that properties (1) through (6) holds as does properties
(9) and (10). Recall that we chose M2 such that f1(M2) has mesh less than δ1/4. Since
f2 moves points less than δ1/4 any point in f2(f1(M2)) lies within δ1/4+ δ1/4= δ1/2 of
f1(M
1
1 ). So property (7) is satisfied. Property (8) also follows since no point of f1(M2),
and thus in f1(M1), is moved more than ε2 < δ1/4.
Now the simplicial complex f2(f1(M2)) is in strong general position so there is a δ
associated to it by Theorem 3.3 such that no line can hit more than four δ neighborhoods
about disjoint 1-simplexes in f2(f1(M2)). Let δ2 be the minimum of this δ and δ1/2.
In general let δn−1 be the minimum of the δ associated to fn−1 ◦ · · · ◦ f1(Mn−1) and
δn−2/2. Choose Mn to be a derived regular neighborhood of M1n−1 chosen so that the mesh
of its image under fn−1 ◦ · · · ◦ f1 is less than δn−1/4. Let εn be less than the minimum of
εn−1/2 and the diameters of all simplexes in fn−1 ◦ · · ·◦f1(Mn) and thus less than δn−1/4.
Then construct a map fn :R3 →R3 that has the following properties:
(1) fn(fn−1 ◦ · · · ◦ f1(v))= fn−1 ◦ · · · ◦ f1(v) for all v ∈M0n−1,
(2) if v ∈ fn−1 ◦ · · · ◦ f1(M0n)\fn−1 ◦ · · · ◦ f1(M0n−1) then d(v,fn(v)) < εn,
(3) fn is linear on fn−1 ◦ · · · ◦ f1(Mn),
(4) fn ◦ fn−1 ◦ · · · ◦ f1(Mn) is in strong general position,
(5) fn moves no point in fn−1 ◦ · · · ◦ f1(Mn) by more than ε/2n,
(6) for all v ∈ fn−1 ◦ · · · ◦ f1(M0n), the image of the star of v, relative to the simplicial
complex fn−1 ◦ · · · ◦ f1(Mn), misses the image of the complement of the star of v,
(7) fn ◦ · · · ◦ f1(Mn) lies within the union of δi neighborhoods about 1-simplexes of
fi ◦ · · · ◦ f1(M1i ) for all i ∈ {1, . . . , n− 1},
(8) no point on a one simplex σ ∈ fi ◦ · · · ◦ f1(M1i ) is moved out of a δi neighborhood
of σ by fn ◦ · · · ◦ fi+1 for all i ∈ {1, . . . , n− 1},
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(9) fn is fixed outside some neighborhood of fn−1 ◦ · · · ◦ f1(Mn−1),
(10) fn is a homeomorphism that can be realized by an ambient isotopy.
Properties (1) through (6) follows by the same arguments as before.
Property (7) follows from the choice of εn. More precisely, at the ith stage we have a δi
neighborhood around each 1-simplex. When proceeding to the next stage we choose Mi+1
and εi+1 so as to stay within the δi/2 neighborhoods of these simplexes, thus leaving room
for each future stage.
Property (8) also follows from the choice of εj < δj−1/4 and δj  δj−1/2 at each stage.
Let x be a point on a 1-simplex in fi ◦ · · · ◦ f1(M1i ) and note that the distance that x is
moved by fn ◦ · · · ◦ fi+1 is less than
εi+1 + εi+2 + · · · + εn  εi+1 + εi+12 + · · · +
εi+1
2n−i−1





+ · · · + δi
2n−i−1
< δi.
Define f :R3 →R3 to be the composite of the countable collection of maps {fn}. That
is, f = · · · ◦ fn ◦ · · · ◦ f2 ◦ f1. Let M =⋂∞n=0 Mn. Then M is a Menger curve.
The map f has the following properties:
(1) f moves no point of M more than ε,
(2) f is a homeomorphism that can be realized by an ambient isotopy,
(3) f is fixed outside some neighborhood of M ,
(4) if x ∈ ⋃∞n=0 |M1n | ⊂ f (M) and i is the first stage such that x ∈ |M1i | and σx
is the 1-simplex in M1i containing x then f (x) lies within δi -neighborhood of
fi ◦ · · · ◦ f1(σx),
(5) for each index i , f (M) lies within the union of the δi neighborhoods about
fi ◦ · · · ◦ f1(M1i ).
Property (1) follows since for each n the map fn moves points in fn−1 ◦ · · · ◦ f1(Mn−1)







+ · · · = ε.
Property (2) follows from the construction of f and well-known results on composition
of an infinite family of homeomorphisms. (See [1] or [4].)
Property (3) follows from property (9) of the construction of fn.
Properties (4) and (5) are the crucial properties of our construction. Property (4) follows
from the same argument used to establish property (8) above.
Property (5) follows from the arguments used to establish property (7) above.
We will now show that f (M), the image of the Menger curve, is in strong general
position in the sense that no line intersects f (M) in more than four points. Assume that the
line l intersects f (M) in 5 points say x1, . . . , x5. For each i either xi ∈ inf(|⋃∞n=0 M1n |) or
xi is in the closure of this set. That is either xi is the image of a point on a 1-simplex of some
stage or it is a limit point. If it is the image of a point on a 1-simplex of say the j th stage
then by property (4) of f the point xi is within the δj neighborhood about that 1-simplex,
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and similarly for all subsequent stages. If xi is a limit point then by property (5) of the map
f the point xi lies within a δj neighborhood of some 1-simplex in fj ◦ · · · ◦ f1(M1j ). Thus
in either case the points xi lies within δj neighborhoods about 1-simplexes of a simplicial
complex which is in strong general position. By increasing the index j large enough we
can assume these are δj neighborhoods about disjoint 1-simplexes. But this contradicts
Theorem 3.3. Thus there can be at most 4 points in the intersection of the line l and f (M).
We will now turn our attention to k-dimensional Menger curve in Rn. To construct
such a curve we begin with an n-simplex M0 in Rn and let M1 denote the second derived
neighborhood of the k-skeleton of M0. In general let Mn denote a derived neighborhood
of the k-skeleton of Mn−1. Then Mnk =
⋂∞
i=0 Mi is a k-dimension Menger curve in Rn.
To say that a k-dimensional Menger curve in Rn is in strong general position
we mean that the number of times a hyperplane H can intersect the curve is 
(n− dimH)(1+ dimH)/(n− k − dimH). This is just the standard inequality for sim-
plicial complexes in strong general position giving a bound on the number of k-simplexes
that the hyperplane H can hit.
To place Mnk in strong general position we proceed exactly as before and build
a sequence of maps fn with the same properties as above and let f be the composition
of these maps. Then by the same proof as above f (Mnk ) is in strong general position.
The only difference in the proof is the choice of the δi ’s. In this case we choose
δi to be the δ guaranteed by Theorem 3.3 so that the hyperplane H can hit at
most (n− dimH)(1+ dimH)/(n− k − dimH) of the δ neighborhoods about disjoint
k-simplexes at the ith stage of construction.
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